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MATHEMATICAL ANALYSIS OF CIRCULAR CORROSION CELLS
HAVING UNEQUAL POLARIZATION PARAMETERS

INTRODUCTION

In many corrosion reactions the anode and cathode are spatially localized. Vhis may
occur on different surfaces, as in the galvanic corrosion of dissimilar metals, or ondif-
ferent parts of the same surface, as with localized geometries such as crevices. Moreover
the corroding system often has a coplanar concentric circular geometry. As pointed-out
earlier [1, 2], examples include some instances of pitting [31, crevice corrosion under 0-
rings or washers [4], and corrosion under barnacles [5J, under tubercules of co"oA"on
products [6], or under dust particles in condensed moisture films [71.

In all such cases there is a potential difference between the central anode and: the
disk-shaped cathode surrounding it. Ihis potential difference may arise from heter-
ogeneities in the solid phase (such as dissimilar metals, inclusions in a base rnue'al; or
discontinuities in protective films) or from heterogeneities in the liquid phyas (suich as
differential aeration as in crevices). Thus there is a distribution of both electrode poten-
tial and local current density as one moves radially from the center of the anode out
toward the far edge of the cathode.

Gal-Or, Raz, and Yahalom [81 have mathematically treated systems of coplanar
concentric circular corrosion cells. These authors analyzed the effect of varipus system
parameters on the total current, and more recently McCafferty [1, 2] h as 
the distribution of potential and current across such cells. These treatments essentialy
extended to cylindrical geometries the model developed by Waber and coworkers [942]
in a series of publications treating semi-infinite parallel electrodes.

Two central features in the Waber model are that the anode and cathode obe linear
polarization kinetics over an extended potential range and that the anodic and cathodic
slopes are equal. Whereas the first assumption often holds in experiments, the second
assumption rarely holds, because the anode is generally far less polarizable than t
cathode.

The case of unequal anodic and cathodic linear polarization has been solved recently
by Kennard and Waber [131 for semi-infinite strips of parallel electrodes under bulk
electrolyte.

This report extends the Waber model of linear corrosion kinetics to circular systems
with unequal polarization parameters. Equations are derived for potential and current
distributions and for the total anodic current, and generalized calculations are made.
Comparisons with experimental results will be made elsewhere.

Manuscript submitted February 7, 1977.
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E. McCAFFERTY

DESCRPTION OF THE MODEL

The Corrosion Oell

The cell geometry is shown in Fig. 1. The anode and cathode outer edges are
coplanar concentric circles of radii a and c respectively. The electrolyte thickness b is
allowed to approach infinity for bulk electrolyte.

Linear Polarization

The cell potentials are shown in Fig, 2a and stylized polarization curves are shown
in Figs- 2b and 2c. Following Wagner [141 and Waber [9-133 an important feature of
the model is that the polarization curves are linear in E vs i over an extended range. As
pointed out by Kenmard and Waber [ 131 if the plots are linear over only a portion of
the curve, tangent approximations can be drawn. Thus the open-circuit potential EB and
E are replaced by the intersections E.' and E, respectively of the tangent lines i the
potential axis, as shown in Fig. 2c.

z

Fig. I-The corrosion cel

2
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Fig. 2a-Electrode potentials across: the cll. E
and El refer to the open-circuit potentias of
the anode and cathode respectively.;.
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E. McCAFFERTY

The linearized polarization curves are characterized by the Wagner polarization
parameters

4 t di t (1)

for the anode and

£6 = E (2}

for the cathode, where a is the electrolyte conductivity. The parameters L, and 4 have
the dimensions of length (cm), and L, 4 , in the present treatment.

The assumption of linear polarization oyer an extended potential range has been
observed to be a reasonable approximation in a number of instances. For example, steels
in aerated neutral to basic solutions, with or without loride, displayed both anodic and
cathodic plots which were approximately linear over an .extended range (15]. Additional
.examples include the behavior of copper/steel couples in distilled water [161 the cor-
rosion of tin in citrate solutions [171, and the corrosion of bare and coated aluminum in
chloride solutions [181. Other examples involve specialized geometries, such as the
pitting of aluminum [191, or specialized conditions, such as the dissolution of mild steel
at high anodic overpotentials in concentrated electrolytes [201. On the cathodic side the
reduction of oxygen on nickel in dilute H2 84 [21] and of silver in KOH [22] display
linear regions. Polarization curves for a variety of metals in thin-layer electrolytes (23)
display linear regions over at least part of the potential ranges for both anodic and
cathodic processes.

In some cases the linearity may be attributed predominantly to resistance polariza-
tion, caused either by iR drops through the solution or by ohmic films on the electrode
surface. As pointed out by Stern and Geary [241, however, sometimes the combined
effects of concentration polarization plus ohmic drops interfere with activation polariza-
tion processes so that a very short Tafel region is observed. Such cases often give
straight-line segments in E. vs i.

At this point it should be clear that the model invokes linearity over an extended
potential range and not merely in the pre-Tafel region near the corrosion potential, wher
the usual Stem and Geary [241 linear relation is valid.

MATHEMATICAL ANALYSIS FOR BULK ELECTROLYTE

The electrostatic potential P(x, y, z) is given by Laplace's equation

V 2 P(x, y, zj = 0, (3)

provided that there are no concentration gradients in the solution, the solution is electro-
neutral, and there are no sources or sinks of ions in the electrolyte (251.

With the circular geometry it is convenient to rewrite.Eq. (3) in cyclindrical coordi-
nates using the usual transformations x = r cos U and y = r sin 8. The result is

4
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a2 P(r' i) 1 aP(r, z) d2P(r, z)
+r r ar + = 0,

ar2 r ar 2
. (4)..

where the potential P is independent of the angle 0. The general approach is to solve for
P(r, z) in Eq. (4) subject to appropriate boundary conditions and then to evaluate the
local current density i(r, 0) from Ohm's law for electrolytes: ,

i(r, 0) = - P(r, z

where a is the electrolyte conductivity.

.I . (5)
A h . . .

Boundary Conditions

The boundary conditions have been discussed in some detail in a previous report
[1]. In brief there is no current flow across the symmetry line r = 0, nor across the cathode
outer boundary r - c. Thus

3ap(r ] Z 0
L~ ar -r= 0

LaP(ri Z)]

= 0

; : A.?
- . . . ..: . , 16)

.. ..

. . .

.

,: k , .
: . . .

.

* a,; a,: (7)
R I: Ak ;0 A; > . .

= 0.

Also, the potential must be bounded at the upper physical boundary of the ele te,
so that

limP(r,z) < M, (8)
Z-*>|

where M is some finite number.

The general solution to Eq. (4) subject to the boundary conditions of Eqs. (6)
through (8) is [1, 2, 8] -1 

P(r, Z) = CO + E CnJo(Xr)eXn,
n=1

..; i ( 9 )
. : . (9 )

where CO and Cn are coefficients to be evaluated later, Jo is the Bessel function; of order->
zero, and Xn x, /c, in which the xn are the zeros of J4(x) = 0.

5
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E.MCCAFFERTY

linear Polarization

The remaining boundary condition relates the electrode potential E(r,:G1 along the
metal surface vs some standard reference electrode to the electrostatic potential Pfr, 0)
within the electrolyte but "just outside" [261 the electrode surface. If EK and E. am
the potentials of the polarized anode and cathode respectively, at any current density,
then

It - P(r, 0) = E(r,, (10)

where VI is a constant which includes the various differences in electrostatic potential;
across the extra interfaces introduced in the measurement of a potental difference across
the metal/solution interface of interest [271. Equation (10) is developed in Appendix

For the anodic branch in Fig. 2b,

slope ir, 0)-O I di I
E(r,0}- K5 ja

which after rearranging becomes

JAE
E(r, 0) = Ea + i(r, 0)1 di (12>

Substitution of Eq. (5) in Eq. (12) gives

E r, 0) 1tk 
a-0

Use of the Wagner polarization parameter as defined in Eq. (1) gives:

Krr0 - 4d (14)

Substitution of Eq. (14) in Eq. (10) gives

P(r, 0) - L Fa l V Ea < r < a1

A similar expression holds for the cathode:

P(r, 4)0 = Lo - E0 a < r < e.

6
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Equations (15a) and (15b) are the final boundary conditions required. The indeterminate i'
constant V' will vanish in the final forms of the expressions to be derived but willbeX
carried along for mathematical completeness.

Evaluation of the Coefficients CR

The boundary conditions in Eqs. (15a) and (15b) are used to determine the coeffi-
cients C,, appearing in Eq. (9). The approach is to evaluate Eqs. (15a) and (lb) using
the general expression for P(r, z) and then to solve the two simultaneous equations. The
reader wishing to avoid the mathematical details can skip to Eq. (35),

The general expression for P(r, z) was given earlier by Eq. (9). Use of Eq. (9):in; '
(16a) gives

Co + L Cn(1 +aXn)Jo(Xnr) = v - Kg, 0 < r < a. 16);
n=1

If this equation is multiplied through by rJO (Xmr) and integrated over the domain, of
applicability (from r 0 0 to r = a), then

co rJo(Xmr)dr + f : Cnp( + aXn Wo Nr)JOlXmr)dr
frho r=O n=1

ra
- (V'- Eg) rJo(Xm r) dr.

r=O
(17)'

The first and third integrals can be evaluated from a standard recursion formula for..
Bessel functions 128]; that is : :

. 18): .. .

.0 : (I'8 )0[Xl (X]) = xJO(x),

which, upon appropriate variable change and integration, gives

JrJo(Xr)dr = 1rJl hr). : S (19).

The second integral to be called I2, is

a 00

'2 f 2 Cl(l+4CnXrJ 0 (XnrgO(Xmr)dr
r=O n=i

(: . 20. )

:; :0, :(20)

or

7
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E. MeCAFFElRTY

= Cnf(1 + aAn)f rJo(Xrr)(Xmridr. (213
n=l r--O

The summation can be split into two cases: n = m, and n * m. Thus:;

2 - Cm(1' + aXm) rJ8Q (Amr) dr

+ C(l +.aXn. f rJo(Xnr)Jo(Xmr)dr. (22
n=l r2

nwm

Substitution of Eqs. (19) and (22) back into Eq. (17> thus yields

C0 90J1m~(Amal + Cm(1+4Xmlf rJ(Amr)dr

+ C.AI + LCXn) Jf JOT4 4n)o(Xmr) dr

ntm

> , , , =(VtK<} +UJi(Xma). - (23>}

The second integral in Eq. (23) is a Lommel integral [291:

X2 X .2

(o,2- 0d2) f xJ,(=)J,,nAxdx -, {#AJn(Ct;><|@zA j CtJn-OtxK(nAr
X1 XI

(24>

where the primes denote differentiation with respect to the whole argument and not jut
x. Thus, when n * m,

f rJoPXn r)Jotm'Xr) d a nP a(W tma
fo

(25>

When n = m, the integral becomes frJ&(Xmr) dr, which is the remaining integral to be
evaluated in Eq. (23). However, when n = in, the right-hand side of Eq. (25) gives 010,
so that I'Hospital's rule must be used. In this case the numerator and denominator are
differentiated with respect to W and then tn is allowed to approach Xm. The result
(omitting several steps) is

'8
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rJO(Xr' r) dr= 2 IJg(Xma) + J?(Xma)I : (24)

m~~~~Use of Eqs. (25) and (26) in Eq. (23} gives - X,(n),G

Co+ L l(ma) + Cm(l+.Faxm) 2 [2(Xma) + r,2(,,a: 

nXm2
a~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

+ (X VV)J(X -Oe ) 2XmJ7()na)J1('hi

V~ .-0 (k a).;
a~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

Equation (27) is one of the two simultaneous equations to be solved for tho. pet C.
The second equation follows from the boundary condition on the cathode given in: Eq.
(Ifib). The approach is the same as has just been completed. P(r, 0) and 8lr, fls/as at
z 0 are evaluated from Eq. (9), so that Eq. (15b ) becomes

CO + E Cn(1 +LC0cX)Jo((Xr) = V - Ecg, a < rC. (28)
n-l

Again the equation is multiplied by rJO(tmr) dr and integrated over the apropriate
limits, which in this caSe are from r= a to r =C:

CO J rJO(mr)dr + | f C.(1+4X,,n)rJ0 (-Xr)J0 (Xmr)dr
r-a ra n-1 '. :i.; : r ,a

= (V' -K) JO rJo(kmr dr. :(2)
"a

The rst and third integrals can be evaluated using Eq. (19):

CO x [cJl(imc) - aJ( t mGa)J + r C1$1 + £0 ~) f rJ0 0(nr)J.(6 dr :
mt n-i r-ca ,', C"(1 + -Cd~~~~~~~~~~~n) dr~~.

X,. :: f;:

.D, . :., (3Q1t
,,, {. .:

,-,:, i ,;

.,: . . .

:

: ::

V( -XJ
=~ C( - c.F (,m c) - a., (,ma)].

9
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By definition XmC Xm and J1i(xm = Again the summation can be split into two
cases, so that Eq. (30) becomes ;

oo Co~~~~~~

+ C(1 C -X4nX)f rJO(Xnr)Jo(Xmr) dr

nfm

(V -KE)
; R 5q= ~~ amJ,( ma). (1

The integrals in Eq. (31) can be evaluated as before from E q (24). A simpler aproach
is to' add and-subtract fL rJJ(Xmr) dr to the second term and, to add and subtract
14 r~~nr)JOQmdr dr within the summation sign: Then Eq. (31) becomes

-- aJ, (Xma) + Cm(l +.CcXm) f r4(Xmr)dr- f rT0(Xmrj

+ L lC,( + 4Xn, f4 rJo(XnrnJo(Xmrdr- j rJO( XrJo(nXmr)drX
n= tLr=O ruO
nom

- -(V ~E4?aJl (km ax (32)
xm

The integrals involing the entire interval from r = 0 to r c are the usual orthogonality
relations [30],

,. D .. .: .. ,.. .. l~t .r 0 n. n,.
If~~~~~~~~~~~~~~~~~~~~~

SJ~t ?J&(Xnr}Jo(Xmr~dr = 4 [J(X2 J(c)1tn~rnt,

and thfe integrals from r 0 to r a have already been evaluated per Eqs. (25) and (26K
so that Eq. (32) reduces to

i I
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- ~aJ(jl(xma) + Cm(1 +'.CcXm){ 2 J o(XmC) - ,1 oJ<G}m,)

00 r~~~~2 

+ E C,(1 + £ 0X,)K {~ 2 [nJI(Xna)Jo(Xma) -_ mJo(Xna)Ji.(Xm 'U

n-l I xkxn ~m::f,:n n( + mCkn -X2
n;*m

(V' -Eg)
= m _ = aJi(Xma).

Equations (34) and (27) are thus two simultaneous equations in CO and C,:
Addition of the two equations eliminates CO. The result, after considerable algebra, is.

cm[(i+42 c)+ 4() ) m] 24 -Xm) (C T)2§)Amj

where Am and VAnm are defined by :..);

Am ( 2[& (xm-)+ J1(x4)] ( 

and': . .;

Wnm = 22 [jl (xn!)Jo (xmcf) x o(X (acm )}t; ( .(35b)

Equation (35) thus generates a series of equations, say kt of them, where m is fixed,.in turn.:
,from 1 through kt. These At equations are solved simultaneously to give the coeffic:ients :,,
from n 1 l to kt. - i:D ::: ' ' f C

The indeterminate constant V/ cancel~s out in the generation of the set: of 4;. r
Also, when 4~ = 4c £, Eqs. (35a) and (35b) reduce to the previous case [1i, '21;::'.

Cn = - Sw (3;6): f fb

where the dummy varable m has been replaced by the more yeneral n.

11 :fA
: .', a) . ,.

2~ ~~ ~~~~~~~ CD' I: C
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Evaluation o the Coefficient CO

The remaining coefficient CO can be most conveniently evaluated by going back to
the original pair of equations: Eqs. (16) and (28). The approach is to multiply through
in both equations by rdr and then to integrate over the appropriate limits. The opera-
tions are straightforward, so that it is not necessary to detail the proof here. The
resulting two equations are

jo+ C1dn1 +AtXn)$Ji (ka) =(V -E'
n<L Co a 2

2 2) 002 _o E Cn(1 +. cXn)t J(Xn =)Co n1 11a c2-.
(2 C =o . T t1+e n) Ji(Xn1 (VI 2t v

(37)

(38a

Adding Eqs. (37) and (38) and solving for C0 gives

Co = (a)2 (C2 _ a2f -2a
-2- (La -

Electrode Potential

- The electrostatic potential P(r, z) at any point in the electrolyte is given by Eq. (94:

P(r, Z) CO + c CjO (X0 -C (9)

Use of Eq. (39) for Co in the above gives

P(r, Z) = V t _(a0E ( )
a C2

n=1

+ E CA (xn ) -xnzc.

12

ii ______________________________

and

00

n=I E CA n C (389

CntJ (x)

(40)
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The relationship between the electrdstatic potential P(r, 0) in the electrolyte near
the metal surface and the electrode potential E(r, 0) vs a standard reference electrode,
is given by Eq. (10). Use of Eq. (40) with z = 0 in Eq. (10) gives

E(r, 0) I(EO + (c(a2)E O (a c) C-JX a) C 0rC n~ c~j (x~ .E - , 

(41)

where the Cn are determined from Eq. (35). Again the indeterminate constant Vt

vanishes in the final expression.

Local Current Density

The local current density i(r, 0) along the metal surface is related to the electrostatic
potential P(r, z) by Eq. (5). Performing the differentiation on P(r, z) as iven in Eq. (40)
and inserting the result in Eq. (5) yields

i(r, 0) _ I C cX)

n=1 '/0

(42)

where again the set of Cn is determined from Eq. (35).

Total Anodic Current

The total anodic current is related to the local current density by [1, 2, 81:

'anodic -

0 JO
r= 0=0

i(r, 0) r dr d0

a
oandic 2ir JO i(r, 0) r dr

Use of Eq. (42) in (44) gives

~-1111 a 00

'anodic = C J 2
r= n=l

00

anodic - e2u 
n=1

a

Jr~ o

CnXnJ 0 (xn-f) rcdr

CnXnJ0 (ne) rdr.

13

or

(43)

or

(44)

(45)

( (46)
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The integral can be evaluated from Eq. (19), so that the result, omitting a few steps, is1 ~~~~00
_a__i = 2ra C1 CnJ (xn a), (47)

where again the set of C. is determined from Eq. (35).

MATHEMATICAL ANALYSIS FOR A THIN-LAYER ELECTROLYTE

If the electrolyte is a thin layer of height b instead of bulk liquid, the boundary
condition given by Eq. (8) is replaced by the requirement that there is no current flow
across the outer boundary of the electrolyte:

FaP(rZ z =. (48)

The other boundary conditions are the same as for the bulk case. The general solution
of Laplace's equation subject to the restrictions of Eqs. (6), (7), and (48) is

P(r, z) = C0 + C, os (b-z tJo(T (49)
n=1 cohL 0(4

The coefficients C( and C. are evaluated from Eqs. (15a) and (15b, as was done for the
case of bulk electrolyte. The procedure is exactly the same as for the bulk case; hence
only the results are listed below.

The coefficients C, are given by the systems of simultaneous equations

CM + - tanh (X + .4)( tanh (xm -m}a (4 -4c) OD b) I (Ea - V1 a +) - sinh _X__=_ _ (E>X Eg}
nosh xŽ)C f IhXb) x

(50)

where again Am and Wnm are defined by Eqs. (35a) and (35b) respectively and m takes
on the values 1 through k successively.

The constant CO is given by

14
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co = Vt -(C) (- c2;2)r 2aI .Jxa.
- (L a -C) C. sinh xn }Jic;n-p

n(1
. (51)

E(r, 0) = (-) Ea
(+c2 a C

K 2 C

2a

C2
(.ia gJc ) 2

n=1

T,1 Cn c (hn C)Jo(x C)
n=1

C. sinh ( C)J (X -)

(52)

The local current density is given by

i(r, 0) = 1 . r

{ C = CnXn sinh (xn)Jo (Xn C)

and the total anodic current is

::: ::(53)

(54)
____ = 2ra C sinh x-'anodi n=1 Csnx Cl~f~

When b -oo, Cn (thin-layer) X sinh (xn b c) - C, (bulk), so that the expressions for thi-
layer electrolyte reduce to the corresponding equations for a bulk electrolyte for large
b.

The various expressions for the thin-layer and bulk cases are summarized in 'Table 1.

PREVIOUS CASE OF EQUAL POLARIZATION PARAMETERS

When C. =c = L, the preceding results for bulk and thin-layer electrolytes.reduce
to

+ 2) K c2 C,

i C ( ] a2) (J)(C)
CL2 QJ(~

(55)
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and

E(r,0) = 0(c)
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Table 1-Summary of Relationships for Coplanar Circular Electrodes under a Bulk and a
Thin-Layer Electrolyte. The hyperbolic functions in the upper part of the brackets apply to
thin layers, and are replaced by I for a bulk electrolyte. The numbers in parentheses refer
to equation numbers in the text.

Coefficients Ce

2

4)4 02 (M)
+ (X. _ _ _C 

c2csh (X) tnt I ,( Cl n*Mn 
or

:_Jo(., ),, (xnr] =__

Electrode Potential

E(r, o) = (a2 Ea

- 1: C.
-=1

(e2;2) 10 + - (X. 4 -C, 4

Local Current Density

i(r, 0) =1 ft
9 a n-l

Finh x<Žr

f J (X 

Total Anodic Current

'n.odi L = i
nC or

I'- 1

16

.nch (s -)] t~h (.w C) 

('; X2 _} d X2F L t' ( ) Jo|( tmC)

1 (EgQ a fc" a

-Uc |'Y MI X,, C JI (X M) tv
53, 5OJ

t (rn el)

(41, 52)

(42, 53)

(47, 54)
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i(r, 0) = a 2 E E)f J, Xnt (56)
a 2 n- (Ea( EO T. A Jo °(n C'A ( 6)

tik 1 + LX Q] J-2(xn)

and:

i 4r- (Eg-Eg) (57)
n=1 _fL1.rQ] j(x2lnlXnL1 +,,e QJ(XI)

where in each of the above

r 1, bulk electrolyte,

Q = (58)

lanh( Xn C) thin layer.

These equations are the same as those previously reported except that the signs of
electrode potentials in Eqs. (55) through (57) now conform to the convention that the
noble direction is the more positive.

NUMERICAL EVALUATION

Values of La and X.

In general the anode and cathode have different polarizabilities (the two electrode
potentials respond differently to the passage of current). In many instances the anode is
the less polarizable. This is illustrated by many electrode kinetic studies carried out0
under carefully controlled conditions. With iron, for example, in a variety of de arated
electrolytes, anodic Tafel slopes of 30 to 80 mV/decade have been observed, while the
cathodic slopes were 120 mV/decade [31-34]. Other metals in the iron group (nickel
and cobalt) have been observed to behave similarly [351.

To cite two more examples, cadmium undergoes self-dissolution to Cd+2 in acids by
two consecutive single-electron transfer reactions, and indium goes to In+3 through-,three
consecutive single-electron transfers. The observed anodic Tafel slopes are 40 to b5mV/
decade (000) for cadmium [36] and 22 mV/decade for indium [37], in good corre-
spondence with the theoretical values of 2.303 RT/(3/2)F and 2.303 RT/(5/2)F
respectively. The hydrogen-evolution reaction on both surfaces gave cathodic Tafel slopes
of 115 mV/decade and 120 mV/decade respectively, indicative of a single-electron trans-
fer characterized by a theoretical value of 2.303 RT/(1/2)F.

In more practical situations where conditions are not as well defined, Tafel behavior
is not always observed, but instead polarization curves sometimes display segments which
are approximately linear in current (rather than the logarithm of current) over a con-
siderable potential range, as discussed earlier. In these instances the cathode often again

17
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is the more polarizable. Figure 3a shows a schematic Evans diagram [381 for a bimetallic
couple under cathodic control. Other possibilities1 however, include anodic control
(Fig. 3b) and mixed control (Fig. 3c). This last case would approximate earlier treat-
ments [1, 2, 81 for X, = .

Values of Wagner linear polarization curves compiled [1, 2] from the literature in-
dicate that La is generally of the order of I to 10 cm while L, is usually 1O to 100 cm,
although there are exceptions. In data tabulated by Gouda and Mourad [151 for steel
in a variety of neutral to basic solutions both with and without added chloride, the
cathodic slope IdE/dil varied from 1.5 times to approximately 20 times the anodie slope
but with most ratios in the range of 5 to 10. Specific conductivities were listed for only
three solutions, for which values of 4 are calculated to be 0.9, 1.9, and, 48 cm, with
corresponding La values of 7.5, 12.2, and 193 cm respectively.

TOTAL
CURRENT

fll

TOTAL
CURRENT

IIM

TOTAL
CURRENT

'II

I__ 1 D t(a)

4,= 100

EC
(1 .00W

.a
MM.@

Fig, 3-Schematic representations of cath-
odic, anodic, and mixed control with
L, fixed at I cm in each case
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Bulk Electrolyte

For the calculations in this section, the anodic polarization parameter isifized.at
X. 1 cm, Figure 4 shows the potential distribution E(r, 0) for aC = 1 cm. and X: = 10
cm for fixed values of E2 = 0.00 V and E 1.00 V. The coefficients C, were calculated
up to C1,( using the system of simultaneous equations generated by Eq. (35). These
simultaneous equations were solved using the CDC 3800 computer, and the coefficients:
were then substituted in Eq. (41) to obtain the electrode potential distribution. Con-
vergence was assessed by numerical evaluation. The computer program is given in:
Appendix B.

Figure 4 also shows potential distribution plots for L = LC = 1 cm and La =:.=
10 cm, calculated from Eq. (55). It is evident that the potential behavior of the,
electrodes with unequal anodic and cathodic polarization parameters cannot be deduced
from the two separate curves for the equal polarization parameters.

The corresponding current density curves for the three systems are shown iri.,Fig. 5.
It is seen that the values for the case of unequal parameters are intermediate between thl
two cases where X. = LC = 1 cm and X, = C, = 10 cm.

Ec -1.0

Ct,

0

C

ai

0
Lu

0
0:

C-)
-j

0.5

Ea -0.0 

I,= C4 - 10

ANODE CATHODE
I -- I-- .L._. L I .

0.5 1
RADIUS, r (cm)

.0

Fig. 4-Comparison of electrode potential distributions for
equal and unequal polarization parameters with bulk
electrolyte (anode radius a = 0.5 cm, cathode radius c = 1.0
cm, Ef = 0.00 V, and Ek' = 1.00 V)
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0.8

0.5

Q

a

L-

Ca4.

a
w

LU

_,0.22
cU

-s0

01

ANODE

£a4=£= I

CATHODE

i'

/
41,410

-re =,Cc= IC 8
£a/2c--

C C I I

0 0.5
RADIUS, r (cmi

1.0

Fig. 5-Current distributions corresponding to the
electrode potential distributions in Fig. 4

Figure 6 shows the potential distribution calculated from Eq. (41) with n = 100
for a fixed value of L - 1 cm but with variable .C. Corresponding current distribution
curves calculated from Eq. (42) are shown in Fig. 7. When La = 1 cm and . - 0.1 cm,
the galvanic couple is under anodic control, as depicted in Fig. 3b, and the electrode
potentials across the metal surface of both components are polarized up near the potential
of the uncoupled cathode.

When La >> » , suc as 4@ = 1 cm and C4 = 100 cm, the system is under cathodic
control, as illustrated schematically in Fig. 3a. For this case, Fig. 3a predicts that the
electrode potential would approach the values of the open-circuit potential of the anode
and the current would be much less than for the case of anodic control (for fixed 4a.
These expected trends are verified in the results of the numerical analysis shown in Figs.
6 and 7.

20
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0

S~~~~~~~~~~~~
F-

Uzi 0.5 _ .

0

L =100

0-

LuJ

0~~~~~~~~~~~~0

E0 -0.0' A ODE' I ATHODE ,:

0 0.5 1.0
RADIUS, r (cm)

Fig. 6-Distribution of electrode potential across circular
cells under bulk electrolyte with Ca fixed at 1 cm, corn- E
bined with various values of LC (anode radius a = 0.5 cm, :
cathode radius c =1.0 cm, Ea'- 0.00 V, and EC1 = 1.00 V} 

Results in Figs. 6 and 7 for La L eC 1 cm also provide a check on the'. consistency
of the present method with the previous relationships for equal polarization::. parameters..
Both current and potential distributions calculated from the set of Cn resulting. from. Eq.
(35) with *Ca and Cc both equal to 1 cm agree with the results obtained from:,Eq s. (5 5)
and (56). . '0 

One additional trend can be seen in Figs. 6 and 7. For this system of Pixed sea the
more polarizable the cathode (the larger Le), the more uniform the potential"::an'd current
distribution .. ,

The total anodic current was calculated from Eq. (47) for the systems with. X. fixed
at 1 cm with variable Cc. Results are listed in Table 2. ' i

The total anodic current can also be calculated from the schematic lEvanhsi.dagrams
shown in Fig. 3. For the anodic branch ':

IdEl peo E'; 

o~~~~~~~~Cr 

l did a Scow ': : E 0 ' ~(59)

I-~ ~ ~ d
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0.4 =

o o/ ;

U)

0.4~~~~~~.

RADIUS, r (cm)

Fig. 7-Distribution of current across circular cells under bulk2
electrolyte with La fixed at I cmh and combined with various
values of 4 (anlode radius a = O.S cm, cathode raius a = 1.0 cm,
B°a - O.00 V and Ee = 1.00 V)

and for thie cathodic branc

;dEt REo, - EC

dI _ I =_ .3r

vheze Ic, tYis the corrosionl current (the tota anodic current referred to eazlier as laxodic),

I,= iA, anid I, = i,A,,c where Ac, anld A, are the area of anlode and cathiode respectively
Use of Eqs. (1) and (2) in Eqs, (59) and (60) gives

22
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Table 2-Comparison of Total Current Calculated from Evans Diagrams and From Summa-
tion of Current Distribution Curves for Circular Couples Under Bulk Electrolyte (anode radius
a 0.5 cm, cathode radius c 1.0 cm,Eg = 0.00 V, and E = 1.00 V)

, ~~~~~~Icorrdax Ia l/a):
la Le Calculated from Evans Calculated from

(cm) (cm) Diagrams: Eq. (61) Eqs. (35) and (47)

1 0.1 0.760 0.607;
1 0.589 0.485
2 0.471 0.401.

10 0.181 0.1690
20 0.103 0.o99
50 0.0445 0.0437

100 0.0228 0.0227-

10 10 0.0589 09.57.60
100 0.0181 0.0179

100 100 0.00589 0.00589

I. IC
Cl La LaC i (61)

7+
a aC

where again I'con has the same meaning of 'anodic in Eq. (47).

Values of Ianodic/U calculated from Eq. (47) are also listed in Table 2. These calcu-
lated values agree with the results from the computer analysis for La = 1 cm coupled
with cathodic values of L. = 50 cm and La = 100 cm, where the current distribution is
uniform, as shown in Fig. 7. There is disagreement between the results of the,: Evans-.
diagram analysis and the computer analysis for those systems where there is a nonuniform
distribution of current, and this divergence is greater the more pronounced the localized
attack at the anode/cathode juncture.

Results for La = La = 10 cm and ta = LC = 100 cm are also included in Table 2.
Current distribution plots published in an earlier report (1] were nearly uniform :for the
former system and exactly so for the latter. The current distribution for Ca = 10. cm and
La = 100 cm was calculated from Eq. (42) and was also observed to be uniform (The plot
is not shown here.) Thus there is good agreement between Evans-diagram analyses and
computer calculations for the cases where there is a uniform current distribution.:

Thus the classic Evans polarization diagrams cannot be used to accurately predict
the value of galvanic currents unless the anode and cathode components each behave
uniformly.
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Thin-Layer Electrolyte

Figure 8 shows the electrode potential E(r, 0) for L = 1 cm and 4e = 10 cm for
different electrolyte thicknesses. The coefficients C. were computed up to CIGG from
Eq. (50) and were used in Eq. (52) to obtain the potential distributions. The computer
program for thin layers is given in Appendix C.

Figure & shows that the potential distribution is almost uniform for bulk electrolyte,
but with thin layers most of the polarization takes place near the anodelcathode juncture.
The anode center and cathode outer edge are virtually unaffected by the presence of each
other for the thinnest electrolyte of 0.001 cm.

The corresponding current distributions are shown in Fig. 9. The local current
densities were calculated from Eqs. (50) and (53) with n = 100, except near r = GO and
r = 0.5, where 125 terms were used. For the thin layers there is a geometry effect in
which the corrosion attack is concentrated near the anode/cathode boundary.

RADLUS. r (cml

Fig. 8-Distribution of electrode potential for 4 = 1 cm and
£e = 10 cm for different electrolyte thicknesses (anode
radius a = 0.5 cm, cathode radius a = 1.0 cm, E. = .00 V,
and E, = 1.00 V)
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ANODE CATHODE

ELECTROLYTE

0.2

1l

b=0.050

U

0 -j ~~~b=0.010

b=.0014

0~~~~~~~.

RADIUS, r (cm)

Fig. 9-Current distribution for £,, = 1 cm and C = 10 cm
for different electrolyte thicknesses. The cell parameters
are the same as in Fig. 8. (Limits between which the local
current densities oscillate as computed from Eq. (63) are
indicated for the anodic points. Limits are not shown for
the cathode but are approximately half the range of tha'
anodic points)

Figure 10 shows the total anodic current calculated from Eq. (54) for.two.,different
combinations of Ca and Lca In both cases the total current approaches values for the bulk
for electrolyte thicknesses of approximately 0.1 to 0.3 cm.

Figure 11 compares the potential distribution for L0 = 1 cm and Sa =10 cm to the
cases of equal polarization parameters: .a = La = 1 cm and L0 = LCe e 10 cm for an
electrolyte thickness of 0.001 cm. Figure 12 shows a similar curve for L. = 10 cm and
LCa = 100 cm. In each case the potential distribution for the system of unequal parame-
ters is not related in a simple manner to the individual distribution curves for each of the
two equal parameters.
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0.2

'0.j
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. , laz~~~~~~~~~~f lo =1G

,.... . -. -I . . ... ,
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ELECTROLYTE THICKNESS (cml

Fig. 10-Total anodic current computed asa function
of electrolyte thickness for two different combina-
tions of L, and 4, (anode radius a = 0.5 cm, cathode
radius £ = 1.0 cm, Ew = 0.00 V, ad = 100 VY)
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Fig. It-Comparison of electrode potential distribution
for equal and unequal polarization parameters for a thin-
layer electrolyte of thickness b = 0.001 cr (anode radius
a = 0.5 cm, cathode radius c = 1.0 cm, E,' = 0.00 V, and
Q = 1.00 t§
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ED -1.0

(0~~~~0

-0.5z
Lu

0.000C £n 100

SUMMARY ~ ~ ~ ~ ~ ~ ~~~~~a '

Lu

0
Cr

U 1

EaO ~-0.0 ANDCTHE

0 0.5 11,0

RADIUS, r icm)

Fig. 12-A second comparison of electrode potential dis-
tribution for equal and unequal polarization parameters
for a thin-layer electrolyte of thickness b = 0.001 cm
(anode radius a 0.5 cm, cathode radius c 1.0 cm, Emo' =

0.00 V, and E, = 1.00 V)

SUMMARY

A mathematical model has been developed to describe the distribution of::p3otential
and current across circular corrosion cells having unequal anodic a t .F hF-dk Ire

polarization parameters. This analysis is applicable to systems of -- :*'i ifl>% g!IkaWII
couples or to systems with a localized geometry effect, as in pitting corrosion.

The potential distribution in a system having unequal anodic and catbodic, polariza-
tion parameters is not related in a simple manner to the separate distribution curves for
the two cases where the polarization parameters are equal.

For bulk electrolyte the value of the electrode potentials depends on whether the
system is under anodic, cathodic, or mixed control. Current distribution is mare uniform
for the more polarizable combinations of electrodes. Thus the total corrosion current
calculated from the Evans diagram is in error if the individual current distributi ons are
not uniform.

In thin-layer electrolytes there is a geometry effect in which the electrode. p olariza-
dion and current flow is concentrated near the anode/cathode juncture. In a typical sys-
tem the tendency toward bulk behavior occurs at about 0.1 to 0.3 cm (1000 'to 3000
Jim).
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ApPendix A

RELATIONSHIP BETWEEN THE ELECTRODE POTENTIAL AND THE
ELECTROSTATIC POTENTIAL AT THE METAL/SOLUTION INTERFACE

As pointed out by Bockris, and Reddy [Al], it is impossible to measure the electrode
potential of a metal/solution interface without introducing additional extraneous inter>
fc during the measurement process. This is illustrated in Fig. Al, where the electrode
potenfials of the coplanar anode and cathode are to be measured versus the reference
electrode.

:i

Fig. Al-Method of measuring the
c coplanar anode (A) and cathode (C)

electrode potentials of a

In circuit I the measured electrode potential of the anode Ea vs the reference
electrode is related to the potential differences across the various interfaces by

[C'A - P(r, 0)1J + [P(r, 0) - 4 Ref I + @Ref - OM' ) = Ea, (Al>

where #A is the electrostatic potential 'just inside" the metal A and P(r,, 0 is the eleetro-
static potential in the solution "just outside" the metal [A21. Similarly ef and 1
refer respectively to the electrostatic potential just inside the solid-phase reference elec-
trode and just inside the connecting wire.
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According to Bockris and Reddy [All the potential difference across a nonpolari-
zable interface such as MRef/solution is a constant, so that

A + P(r, 0) -'Ref + (0)Ref - ) = I, (A2)OA1OM + (hef -Om, V.

where V' is a constant. Use of this definition of V' in Eq. (Al) gives I4,

V' - P(r,0) = E0, 0 r < a. :: (AS)

Similarly measurement of the electrode potential of the cathode E. in circuit: 2gives

(OA -'PC) + [tC P(r, 0)] + [P(r, 0) - rflI + (Oef -OM,) E,. (A4,

The OC terms in Eq. (A4) cancel, so that

V' - P(r, O) = E0 a < r < c. (AB5)

Thus

rEa, ° < r < a, .0 'L
It' -P(r, 0) = :(A6)

LEcb a < r < c

Or denoting the electrode potential along the metal surface as E(r, 0) gives

V' - P(r, 0) = E(r, 0), (A7)

which is Eq. (10) in the main text
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Appendix B

COMPlER PROGRAM FOR COPLANAR CONCENTRIC CIRCULAR
ELECTRODES WITH UNEQUAL POLARIZATION PARAETERS

UNDER BULK ECROL

FREtrGhAf VlEkaULK
c
c Tt415 PHgRGRs CVrFLTES
c (1) CLSRENT DISTRIBLTIEk
C (2a PEIEII&AL ClbIRIbLUEh
c S T3 TAL AWtiC CURRCTI
c Fea C~kCNt*R5C CIRCULAk El.kcTPR1Es CVERtT RY BULK ELECYRRLYTF
C FPh THE CAht Wf"hfE AkEtIC AND LA1ItE.IC IAGNER PrLARIZATlfN
C PAQARI'EtE-S ARE kEt EQLALt
c
C AzhALIcS Uk AWJeE
C CohALIUS (it CAV-Et
c R.LttTANCN A~.ON RADILS
c kRzRtC
C LAZANSUC WWAGNER PPLAIT1ATIIN FAkAPEIER
C LC2C*Tf6bLt WAGkER PELARIZATIEI PAhAMETEz
ci XI"SNWft tftS OF BESSEL FLNCTItk Ek &RDEK jRRD
ci FtH,QlalrtEIFAClAL PETEWTIAL 4L.KG ThE NbTAL SJRFACE
C EtQ~aP9TtN1LuiLECTZCb PETENTMAL AL&IG TWE fETAL SURFaCE
C E(HQsCSXtANT.FiRt0). kITh TWE CtKSTAkT CANCELLING 3UT IN TiE
C FINAL hApRtSslSIN SB ClSNSTAhT VA EFLFCT LAN BE SET EQJAL t9 LFRS.

G lIt F4IEFPICIENTS CS ANcI CSUFN ARt LEFTNFU0 In T* FBLLO3ItNG FQlAtkil%
C
C K
C FPINIl S £ * sLP IC (X(N).t#C))

C iTt!ALSTS!AL ANELEIC CLkFLRkT DIVIEEL bV TWE CSNOuCTIvITY
C ILECALaLICAL CURRENT EktlTT rElVIrE BY THE CSNDUCTIVITY

REMA LA.LCgiTBTALlICAL
LIP'ENSISN E(1OQ)*fltOC,1C1,8(XCD~CO)
Pta 3,141)9V6b36
R tOD

1 REAC 1DrA.CiLA,LtiAiEC
13 FBNHA? teftj,tu

FR(KT lIICLA*LLCEAkC
1F8HPAI (t 0I1XZ2i-&s FIG. ,SbXlCU Fl,5G.7X3HLA= itQ.5,bK,35LCW Ft

l,>,ttxoJMLAS tO.,$3.3i£ts F1D.>,/#/J
FRINT 12

12 HHMAI fIiA*UbE14tATIEb Ef tFE tISTLP EF STKULTNEBUS. EoUATISNK USti
tI tI SAILOt FOR TE CCLFICIENTS CO ANE CttI5HS*t/ut
FRW i4 a

tt FSFtrl' tt*,*N-(IT ALL Ti-k CgEFFtCIEEN$S So VFNERATED ARE LISTEn .lELeB:

14 FPtRrA jX#KS A PARTIAL CKE-Cli bikN K90, THE VALUE OF B(Ms) IS s
iVEN BY kfl{/2
FR NII 15
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lb F PRRAY t>X, SM*,9X,.X( kP .14.O'P,1 4Xt YlM)*.1 lX,.BIHXi) l0e tXw *l9( . .

Ci T~jS PARY OF THE PR9GRAP thEKRATbS THE SYSTEM BFSIMULTANESUS
C LOCAT1leS uStD IN SeLbIKG FFR 1WE LEEFF'ICIENTS CO AND CSUBNh,

CALL BESZEHS CJ6lCNX..1
LE 40 M=1,KT1 ZXItM 1/fC,, , ., .,
T2'l, *OLCUTl)
13mEkSjlX(mIO)
T4:(TJ..Zlj'2.0 .
15:T2"T4
162X(M1^/
17arESj(T6,,'7989ESJlYT6,.:. ,:, )
19a(T7**Z1.(T8*.e) : , .
ll~z(CLA-LU)SX(M"bC (A/Gl.~k*d)tii),'(0*CI '' ' .: ':

F: Tb 4 T L C ::' 0 '

Is YcPa-CEA-EIZ).CA/C3.T8/KCMI) I. :-:
Kul

20 IF (NbC,M) 21'22
21 ttr,5)zP:

Ge'TI 40
22 1122X(M)/X{NI

1131.a/gl ,a- wT12'.2X) i,.:.' ;

T 14:Xf SN3 t. 4/,1C 

11Ouths4CTt4,0), '.'' 
117:(T15ST7)-(T12*TG6*Te)
itr,rd.(LA.LC).EA/(tC..el).113.117 - ; :- 
ce' TI 30 . -fE,

30 N.1. ,
IF (P.Lt,x) 20.31

31 IR INI 32,Mi, X F,(MF, ),ECP.E ) ( 1 b .l I (I'10),ti{MMO).aa(MlaO) 10
32 FERMAT C3X,14,7t3X.lEV1,!1l
40 CEINTINUE

C bELLTIeN OF THt SYSTEI EF K SiPtLLTAKEUS FUuATISNS
C TFki TE CVEFF IC-IltTS CS!Lkh;

C THE SkJ)HsUTINE REPLACFb Ti-t C!KSTANT %EC1@RS 9 wTH THE. S9IUTIN '',
C VECTERS0 THUS. IHE CCNETANT VLCTFhS VIM) VFFIJED IN STATEMFTR ii...:...
C ARE HEPLACLI) HY 1IFE SFLLT!wN VkClEhS. Th-SE S8LUTI9N *-CTSRS
C ARt LATER NELAdELLED Lb CiSUE '' .

CALL MATALi(PY.IQQ0C0 D E" .tCQ'

33



L McCAFFERTY

£ALClLATlnhM Of TFF tlPf IC It- cc

p41KT 41
41 FHHPIATr I//d/ 1 1n.*.ALCLAseN bV thE ct*rirzts? ctCtJ

FR1II 42
44 FLRhRAt C2ts.6flS7 L.LINlfrly,Ia&. ItA/#4+AX,$YI4v12X,14XflQN^flY

IG 5'L *'
FRtPi 43

4,5 tffhr-.t 1204o,7ZYYC!TgRtWlbf$4%1lk$fi/Cpbx,*1*,1JXtgHOBESSE;Xa~tgX#997

FgiK? 44
44 FeOMAT (*KXtmQtsEI li..11R,.YSP. t

c e tj #ah,
XNiACX tI Jla/c

TF5¶MihR~mYIN7evbiSkL1

FRIKT 0,K&KIh ,YCNI.%ttC.Vh5tS~lrTbZEkR4,?l TQ~T
4S F(7)WVA, {Xjl4*.bl axjsjq!J
46 CeNT vtE

tSz(A/cC*a2)l~t.D.(LA.LC~lezt4L~
FRINI 47,tLst.IJ

47 FSRMAT (0/ttJ.41a41ts taJ>bSw3htca Era5g5X,34ja Et3,
OCtet~ 1i-?a jl S
F4~Nt 46.CQ

4e P- RW^ (IWOX,40,;406 tio.21

CALCLLATl;§N V 10. *1TAL ANtECt CLkRLNT

FAIKT 70
70 FhItvA1 I///.1.1.#CL0LAtZ&V f E 7BAL AN@OIC C4JitRRENT*ttY

fRIK? /1
71 FeHMAT ftle'l 1 ST hLST I7 AL LNEII*C L;tREN!h LIV!Dh& ft Ti*E CEfiev1VLVT

FRINT 72
72 F84M17 t4,*.oflit^t.ACetait2K t*A,*AC~tX,14Ht.CePl.A.CbSt¢f

FPRT 173
74 FePMAT (.Ch..I..4MVFrFPSSELtI

LB 7 4
XNACh X(&1 A/

btSkELl^ifrJ(KIs^C.2,
CStEFNtYI N d
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1eRtTsT.il~PlsABCSL-E!s8EbS<EL1 . r c;.l'
ITSTALzITM1AL*TFi"I TtT
PRINT 75,,NXCN).CSUS ,.XPACGESbELPTbtM TElIT ITTAL

75 F RMAT jX,14,#6(X3XF1!,)I
79 CONTINUE

C C A L CALOLLATION WI ThE LC6L CURREIVT rttNbITY ' 1

c
P hIN T a0

eo FORMAT (/-l/t/, HieSCALLCLATIIN LF TOE LOCAL. CulRRENt DE'SITY¾./i),,

8S FORMAT (lX,*lLWCALXLECAL CURREhT ttNSITY NlVIDiD 6Y T4E CVNPCTll:V1

810 REACL 811,RCUIT , .
ll FRRMAT (nto.0) .

812 PEAL 81a,RR , a

81e FOHMAT CF10.0)
IF cRRNt.RCUT) e20.cC

820 PRINT e3RR -.
85 FOHMA? (//X/,I3x,.d4R* F!,!) , , :,.;i. ,.' a';

FRINI $4 k
84 FORMAT t45XsbHXCN)SRiC ,EX.12H. (X(NK*)/CsjP, ,16H(lCtC)*5hLXNV)

PRIT 85a
Sb FRRMAT (6OX,*0*.14X.9*EEtSSEL2')

86 FORMAT (bX,.N*,Sx, I.,11Y.eL5LPN'*l2XpXNRC*u10Xp3ESEL2¾fli .
lTERPILSC.,VX,*ILECAL#,/l'
ILGCALZO.0
tE 9 NtK.r,

bESSEL2uOESJCXNrC,0)'CSYSN:Y ;N)
IERtILWCU(.W/C.;cesLISeflC)'BEScELC-{
IL6CAL lL WAL#TEhM ILEC
PRJNT 87aN.X(N2,CSUPNXNRCFE5$EL2,TtRMILICj.L3CAL ..

87 FORMAT (3X,!4,1(2XIL-1,))
8 9 C0N T[IN U-

Gn) T6 1512
c
C LALCLLATVON WF TtE P5TLNTIAL tIETIHLTeN,',

c ALE'kG ThE METAL' SLrFAC-

SO0 PRINT 93.
1 FORMAT (////,1HI,*CALCLLATlCN EF TIE PsTL?4TlAL DISTR13UTPGP.,//lN

PFINT 92 . .- a

92 Fn-kPAT (I^X,*P8TENTALE(NQ3ETLELT:,%.LE POT15NT.iL ALON T. M:EA
jF ACF~fz .. /.'. ,,,

92C READ 92i,..
921 FORMAT flO..0:
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933 FRINTl V44WR
94 FekRHAT i R

FR[&T V5
95 FrRHAT l*5rX,68HX* R/CfX,121H4 (;XfNRtCJ,19Xlh4RtUNNING 904 IVY

PRINT 96
96 FCRkMT (63XI*U.,13X;44CSL8iKa5SEL2m*,3Xr94TERhPeTL:,7XXI2l-CG-SL

HRPhT 97
S7 FORVAT (bXsNu,9~,sX(N c

1TEMPTLO-9XL*SLPPTL#,%XIPFOLETL#,/#

to M5 Nrlo 0
XNRCrX (N j.RR
6ESSb2z8etSJCXNRC0 G 
CSV8NvY (N
TERMPRTLXCSUbNCFESSEL2
SUW;PETLxS SMXPTL *TERHFlRI
FITENTL:x.(CUO*SLk5MPTL 
PRNT' 98,,xtt 0,V >§ s(~R,MN^RC *EE9IE2t TbRMPWTL. SUPtTL,#PITENTL

9e FORKAT (JI4 4 7(3X ,F 1 I)?
99 cONTINuE

GO TI 920
3o. E-j.

SUtREVTlNE BESLERS(JRNZEPI) on-01er
ci [DENT fl4fe4ttR - C03079GO R0aacl0l
C tTITE w jENIS UF THE PESSEL FrLCTI EF -T1E F[4ST K[ND GOM107

[DENT NAME - C.-hRL-EFt)ZEF1
C LANGlAGE - 3603483 FIRTRAN
c COMPLTIjR - CDC-3600 bGO-CS
c CRNTTRIBUTO# JAKET P, FAE~t, CULE l8lj
C RE$EARCf COPFtTATICE CENTFM1 MIS DrVISI-N anflal
V 'IRRfiALATjP4 - NAL - NAVAL RESkARCH LAR8GATRRY, GOapofog
c WAS-INGTON, t.C* 20a90 n3032fkal
C LATE X I JVLY 1571 gaorali
c PURPESE - TO fiNE WE fIRST K.zEReb ISF 4UEsINX FtR QSNS65 WHERE 000111
5 4m 5 .LPFLI[EL Ei Ti-L LOSR, IN THE SJ8RVUTI'E CALL 3030311?

[LMENSIIN MJAG()441(3J Yl rXA2(2 ,KAS3(bhXJA4(ehXJASil,0ZERSCI I 3O033290
CATA (xJA 05 ,4 U4@255577 e% C2aQ7tl 1QJa8 $6547Z9279t #!1 t 7Q3.5 s43A$3i oc-tF9Soxv

2 (XJA2t>.t4~r6223,b,4i724t1YE 9Q-90-35Q
-' cxJA]z6.joiet19,97E1Cfstl3.5,012Q0 1X.a22464aIO 1*U94t4fr+ BofrOIG
* 22,id27?95Y, b
o 1x4A417.u834fl,1,064090 14 1 3725367 4 17ztzetb96*se0,20,8l94334 ftQ=9=G&Q
A 24,U19s31951, . oeao
7 (X4jA5:5.773483s,lZ,33e6042,15,700174i1s,I995Ql39 t 22a177999t 30331300-
e 2t14J054t1do~,62b63.^At 5 811717,34 1 fseaSl31 GCQO'.Orf
F I5314159265s6 000b123
ISLOSA 1 0*JORbeaEPE¢ons
GE Ti (j,2,3,4,5,6)JIEL.3 : OG2j433
L I tLi 1ljlNG
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If(tGT,41L( TO cO OCOOI600
1 L C X K T | N U t 4 * ~~~~~~PC C170o 

11 CONTINUE OOlO
FE 1 thN COEC

2 C 12 IZL,NOl
IF(IUT.J)U0 To 20 g;OilCJ

zh146'( I )ZXJAI( III)
3 C ONT I NVk

IF(IGTaibe T5 a Ton2A2n
IEI( )-XJA2CI) :C027o'

ih VINT I NrE

4 CO 14
IF(I.GT,6)G@j.) To 0O
ZRS, ( I 'X.JA-5 I0 vv4

14 CONTINUE- 30143ce
RETlURN oaooJ34o

IrCI ,GT,62u0 Tu 20 O2OflJOcfl
LkSEHO( I XJ^4A . oOOaJJ70n

i4 CONTINUE 3ti iAt
FRET (hN R:3N39C

e tr 16 im-.No) :tsccdJoi
jF (lGTrT,9)uo To .cOo v 4ICr
ZEFrOI ) XJA511) c.cb420a

16 CONT I'UE C 2343o.1
RFTURN orD$443A

20 oETA:PI'/4,*J"2,0.JoRL.4,0l -1,0> OOgo..ego

fkt(:IBTbTA A'd. C /t.COsHlwlC3U1 0IW24* 41oIH tHLDi3l1f2/4 a C :0450,
I. .,o/w 2 (J2, 0.1(,D* 82 D LE-912,J.'IeULD+377 9 Y0)/15,C GZO14900

3 *1bU35743.0.FCL13-E4778$J'|)/10l.0)1l . :q.CblCr
Ln TC C1ic2,a13,14,15,1'¼.UFJ1 COl5tOi

1 CEL .OC0o5300
fUNCTeIN dt SJtX,J 1

~~~~~~~~ j:~~~~~~~~~~~~~~~~~S5j P.

2(R6:,29212 6 7W487i-2).(H7fl,65r5C17057lE-e),(tRRA64S3801S05lF*A)0 SESJ 54

I(Soz I 8271144947Ee), lSlt,2jb55247?43fE6$lb, oD6 547E3 . SESJ 3
4(Auzr*5323420902E2.,(A1:4,.2l77C4t18Mk),IA2.:z,2443314672E.13r *FSJ S
'5(8Q:,448O4g48g596E3).(Flizt75b32C4d5)9t2), W*iF-. 7

6(Cim-1,2j>59445551FL).(Cl:-Z,77tF9?lO591XCc2a 4,95173991;0*#02eJ, eeSJ A t 
7CI1:I410054o2J%1,(F 64,2.(G:4,7?2k56648k?1)# . 9Rii f.
e t(rG: ,17 4 96ei?12i9E3)>. i;Sc 0 
A(Rko:.98oH127495EF7), k1Ulz.1t42E3c572lE)t,(RR2=,40D94621JA25t$ebI SBSJ .1

Ht(RRs05E1Z, (R27404475bj9F-tlaHS_ 323
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CIRRAE,134951421l1F-4?,UfiH71-,p430I82141B.7',, . BESI 1i
2(SS~sti961/45499IE5).tsSx1pl6711&74l84k6ltcSS2a.6G771258Z4?EJ4t BESS 14
P(tIbou,625ss~66sl3E3,(wO1;,q73Otoo6aGe2). . . ESS .91
Vu~oljSl4SJ383.E31,Er3.z1 4tS;37lt2?6E2, &ESJ' 4

)s(CV0484.4122348226E1)itCtSct§734E0617641.itCcnl,77215792.4bF..1 3ESJ jR
:-X~~~~~~~~~~~x 9~~~~~~ESS 3.9

IF(K,kOwo? (it TO 6 S If(N,tC.jl &O TE $ w G9 TS e BESa 2t
6 1t3-F)l,3.2 BESJ 21
I IztRM.S.977st.R61ER+)'D.~41* I P.C(tP*R3)*D+R2SM*RISO*&*RO BESS V!

6055 'P/{(cUtOSa)'a.St)*t+5O 5 IET;HN BESS 23BES4 24
j IF(DGT,st GO Tf BESs 2*

A'ARt5(xl Daf 11.1ES/ 2
Pa( (A2.D.AI)*AlrD.1(((t*F1 .l'e0. BaESS 24

. ((C2.D.C3.}.EiCO?/(A.((D.DI).D.LO}) BESS 27
bESj t(CBStAIS(P4CI*SIWtAI$1P..L9/ICMT( BESS 21
RETAkN BiESS 29i Irtr~~~~~~~nl2.2.13.2..22. .~ ~ ~ ~ ~ ~ ~~~~~Hi 11 Pa((((NK1#~U4R9teflFR'.)*D.RP4)'VtRH3> ;*RR21*DU'?Rt?*GObRR ' ESS 31
BESSZXeP/(t(DSSilraLeSbll*LI4UQ I HEfJRN tESJ 32

21 P(CtG¶Ta, GU TE 9 BS-S .43 3
AvAB5(X) S DwF/U RES4 34

Gc: (Cc2.Il+cC2.)*ECCG)/tiA.(It %+~l>1)*kiDh . 8FSJ 1&
Art C@s4A).(u.P5rS[Nt'AY.CC4P}l/St~T(AS I$FX( 6 TIU)Aa-A BES 37BES~~~~~wA S .~~~~~~~BESS II9t52kN 3W~~~~~~~~~~~~~~~~~~~~~~~~~~CSi 3q

e5 P~IN1 8lN eBSJ 4*2
B1 PwR#MATIs>X~kRERt IN bE$# N 'I151 .BeSS Al

ER TE lao : .ES4 42
y FR1K792.,X . 3ES 

91 FROYAT(//j)KX*EKRCR IhN ESi ARGLIENT X Ten LARSE. X - .E17,t71 BESS 44
Ito BEsJaS2.EJoC BESS 49

ENL HESS 41
SUbREUTINE MATALG(A,.NRKAVI1,LETENkEACT? 43
LIrENSIWN A(NACT ,NACTlX (kA!TAC7T 0-

1 Lo 3 I1:1" Gal
LP 4 Jt,NfR ' o4

4 X((a0Q, 3:
.3 X(I, i au,O 306~

c L&1:1.Q 0G

03 5 lItt 030-

F- tl 9 a- a t 3
LP e INKNW ol
c:ARSF (At I .'> 014
[F(ZlPIVBT) 6.6.7 10
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IPkm 1
6 CPNTINUL

IF(PIVOT) 8,9,a

t IFIl-R.K) 1J,11*10
tO j1 J:K,NR
Z^A1 IPH.JIA#JAC tPFj)aACKJ)

EP- 13 .Jzt3NV
X r IPR, 4)1

15 X(K,4):
LETa*-OLT

11 LEtLkTOA('Ke..
FIVF:1I,GD/ACKoK
L.O 14 JajW3.NH
£(K,, 1: A(K J )wP1s ET
CL 14 ImII1,NR

14 A*I,()A( I *J)-A( 4K)*h1kj.)
cr. 5 JzloN9
[F(XYk,.4)1 lb#5#15

sX(4,j)X(K#,J)mPhWE
CG It I:1R1,NR

16 Xi lzAX( I *J)-A(IjKIeb4' 4.4
COhTINUE-
IF (A(NRNW)) 17S,17

17 LETLET*ACNRflSl1
F I 'PTuj, /AhNkKf
Le 1a J:1,NV
X(NR#J)=X(NSjJ)*FIV,9
tE lb K*1,NRI
I .NR-K
bUwzO .C
V! I" LUINRI

19 SU0Px'UM+A(IL*l1IXeL*.1.

ENC

01

:: : 8:
:0:9
::9

0-21.
922. . 0 

' :: - 023,

029:

. 0. 31.

.. . .s.,!:032

': 0':';:p36

i;: :0:42 .
: 3 43

0S .o44

:E0409:

,: 0 51.

C54
-. .055:

:.1" 
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Appendix C

COMPUTER PROGRAM. FOR COPLANAR CONCENTRIC CIRCULAR
ELECODES WITH UNEQUAL POLARIZATION PARAMERS

IJNDE THN-LAYER ELCTROLYTE

IFREGhAn V4kOTHIK

3 thIS' PRBGRAK CUVPLTES
& (1) CU~fRRENT LISTHIBLTLEK
3 {L(21 PtlENTIAL DISTRjbtlIU
C - 1ST TI3AL ANEtjC CURkEtT
C FR4 B4CEt41AC1 CIRCULARK bLtCTRILEM CEVERL4l BY THIN-LAYER FLUCTROLYTE

C FeR THE CASE Si4ERE AKFCIV A£D Gh- t EAT C kAGNFR PbLARIZAT10a
3 FARArETERS ARM kET ECLAL,

C ASRAItUS Si ANSCE
Co skCAL-lus OF BV eTkSj
3 RW [CI TANCE ALSN51 RADILS
C bLEXiiTH:THLCKNESS *F ELECTRELYIS LAYER

3 LAZANRIIC wAGNER PSLAR12UATEI FPARAETER
rl W.C&CtCATI4SC WAGKER PILARPZATIOE FAkAPETER
C XIP18NTi- I-RB OF BESSEL FLHCTIIK SP IRI)Ek JORD
C P(II,UtuINTERpACIAL PTEIWTIAL ALOG TI4 KTAL SJRFACE
s it3I),u)sTtkTL.SELECTtEC POTENTIAL ALEM TWE KETAL SURFACt

C EIRDsCBNSTAN7P~IReOII WITi- 1-F CENSTANT CANCELLINi SLUT [k TAE
C FIkAL KP'Pt5sst5ks Se CES~7N7 IN EFFECT &AN tr SE1 EQUAL TS SERB.

C IEt CtirFItIbNTS Ce A£L 3SUEN ARE CEUINED 1N TiE FBLLVLINS EQUATION
C

c SLl C 4()*-0
C F(H,O) a 3 * SUP IC s. IXIN).R/CI)
Ce a Nit I N

c ITETALsTVTAL ANELIC CUkFkkN DIVILEL BY lWE CONDUCTIVITY
C ILECAL.LBCAL.CURRFhNt tkSITY rlVlCC tv THE CXNDUCTIVITY

kEAL LALCtITBTAL*[LECAL
LIVEksIONAx10YCC,3)B1.lG

- Ihs~tl4lbtt2bSS

2 FEAL 1o1 1,G.WLENGTH.LALC.4AFL
10 FORMAT (7F1JGo

IRRthl tlACULFNGTw 1LALCEAtC
1 FPRHAT (p'1.bX.ZAR fjCt5,bX 4 2CSF f1OK.SIBgE4STHz Fl6*V 1 3NL

tAt r1O,5t5X¶2JLCa F10t* bX.!HFa Flo.5.Sx.SUEC. Fto.5./1//
FRIN j2 l

12 FORMAT (XK,.GENERATItEP EF TI-k ~VSIEP rF SIMULTANEOUS EQUATIONS USF

IL If SLyVt Frv TFE CEEIEICt[ENT5 CO A£C CS11B4..III)
PRINT t3

13 FCRkAT (SK,okeT ALL fl-t CItFFILCIEP.S se titERATED ARE LISTED *5LSb

PRINT 14
14 FORMAT (IicAS & PARTIAL CHECK. bdtNh Ks THE VALUE Or B('-"m IS '

tlkVE By Pd/tEIf
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FR 1KI 15
lb FSHMAT CbX.OM*,9kOX(I ).,iJX.*P.,l4XSYC )*.11E.*e(M,1).1OVi~eIM.

11oJ.,9x,abHCMbo}t,8Xtb(M~lC0Is//)
r
C THIS PART eF THE PR8GFA, C&KENATES ThE SYSTEM 3F SIMULTANESU , 

C EOLATIGNS USED IN SALVIKG PER l.E CEEFFICIENTS CO AND CSUN.,
c

N~K
CALL HESZES S (tJfit',N6,X)
te 4t; M:1,-K
X~tfiCsX(1M)1.MLING TFXC ',
SINH!XMBCm IXP(EMptC )-hXP( XMI5C) 2fl.0
C6SHXMWC.(bXYtXM8C).ExF4.w>MPC))/2.
1AKWXM8CmSINXMSCC/CS5-XP8C.
TlaX(My!c;
T2:10,(LC*TWTANKhXXISC)
T38stS~j(XH) ,O)

t5aTS*T4 t
Kls

22 UXC*M)A/XG. 

1148a54t(TNO)

I6bmEtSj(,14r)

11O:((LA.LC-)X()*((A/)**2T*T9*TANIXMBC)/(2,0*C)
I.15.T1O

19 w tr C*(-XlXOJ CS -EXCiett-E)Nt8C } 1 CXR.0 '.

20 IV (N.Eci,M1 l22.c 
21 h(I¼NhP. ,

Gs TE 30
2a 112eE(M)/X(N)

ll4aK(N1sA/C '..~
klb*lfrS~T14,1)
T1l6 iES4(eTl14,0)}

XNBCUX~k ).SLtN(Ti/C
S|bsKNeCsctXP(XKtC)-E2P(-)N2C) 1/2.0
h(P.N):(LA.LC>e(A/4C..2))t*(lC/CISi-KMPC)*T.*Ti7eSSNKKNSC
GO TE 30 

SQ N~SNI
IF th.LEK) 20,31

31 FINKI 32,MXfMI.F.Vfi>hFl) ,b(F'lO1,w(M.So) 3(H$tO0'
32 PAhmAT (X,144t2X,EIJ!52 -

43 CSNTINUE i
C
C SOLLTIBN HP TH: SYSTEM EF K SIPLLTANECUS FQUATIONS
C FOR 7HE Cft-JF ICIthTS CSLB.
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V TIH 5URRHUTINE REPLACES Ti-L CeNSTANT VECTf4 RS H;UH THE SRLUTISM
c VECTkRs, IRLtS, TkE CENSTANT VECleTS YV1f DEFIU*0 [N STATE-EJT il
C ARE REPLACtU HY THE SELLTTION VCT~kS. TIFESE SSLUTtN6 VECTORS
c ARt LATER, p41ARELLED AS CSUFN;
c

CALL 4ATALU(bYtlQQt,3. t0tDETtlQQ)
c
c CALCULATICN OF T-E CEEfFICIENT CU

PRINT 41
41 FORMAT (///fN19,WCALCULATIEN UF ThE CBEFFICIEhV7 Castj

PRIMI 42
42 FORMAT C'flX6NSOLLYZJKJI2b-w (Z(N1*A/V) ,ZK1IQSINH(X(N), 7x§tsw

IV KN SSIKHXNRCt;ISXtl4HRLNhI SIP sr
PRINT 43

4$ FPRPAT ItIBX,7HVECTE'R5,9XIOKX(tJPA/C ,8E.t'1lt7X,loH8tE40TN/CYtflu9H.
l.PESSeL1.,7X.9MTblAMZERWI 

ERR!T 44
44 FI&kMAT (5KsN*,9xstX(N) ,IZXY(N)4,o22xsNACw12.KBSSttL.#,X§hS

ZTCTA:0O,0
ER 4*e NI?11
KNAC:X (N) IA/C
kESStLkUI:4SJUKNC J - )

SIhhNk Cu(tXP(XNEC -k(.>NbCt}<*
TsFEkYEsYIN}toEtSSEL~iNStXNBD
ITOTAL:Z2l"TAL9.TEfiY2ERO
PRIK-T 45,N,X(N),Y(NstXkAClESCkLlt, INIkNoC,TkRtIZEkeZT@TAL

45 FEA4MAT ux,14 17UxEIUS?)
46 CRNTlIUh

- Zl:(A/C>s*2)skA

i3'CA/J(C."1}) i'(21 Q9C. LAeLC)?*ZlTeAL
PRINT5 *7Zit2,0Z5

47 FORMAT E////,5Xfr3. k13,blxbth: Eli5JXHZS. E131 l

-FRIN¶ 4bCD

FC ~ l7PRINT 70
7n. FPRAT (////, ~lS*CALCLLAlION EF Ti-E TSTAL ANGDIC CURRENT*.//-

PRINT 71
71 FORMAT C2X,.IT@iTAULTOTAL ANOECI C:URENT OVIDED gY THe ceu6Wucrtvr

PRINT 72
7i FekPAT (45XodIx(NklAdCtEXKl2H. ( IsA/C ?,2KIsflSINNK(NSt7XtlH

O't0PIl A* 1d

42



NRL REPORT 8107

PRINI 73
lz FORMAT (6DXpsl*sl7XlIIHELENGTi/C) ,2X,17R*SINHX8C*SBESSLllI

FRINT 74
74 FOHMAT (bK,*N*.VXX~tJllX, sCLeN*.lX,52NACS~lX.*BESEL1$.9X,.

lSI~bIXNWCs,7X,*TERMITEI*,SX,*11E1 L-.e// .. ,;
[TGTALUO ,,0, ,, i . . ..
tO 79 Nz1,K
XNACzX(Nh*A/U
iEbSEL1:bF~bJCXNAL,1 . .. 
CSLPN=Y(N)
XNbCEX((N)dbLPN(iTM/C
sINkXNuC.(tXPiKNEC,-EXP(-xNhol/a.0eO: 
I EMMl T 1.2,0 * RI A *CS L N * ESSEE~ls>hXi ' IN M- NO C
IT0TAL:ITSTAL+TFEMI[TET
FRINI 75,NXX(N)CSURkvXNAC ,ESSEL1FSIPHXNaCTERMIT8TDIT0TAL

7b FORMAT (3X 14,7UX,E1 3 ) .
79 CONTINUE

C CALCLLATPIN OF TtE LECAL CURRENT rE&SITY
c

FPIKIl 80 ' :.. 
Eo FCRMAT C////,lH ,*CALCULATIFN tF T7E LOCAL CURRENT flk'JSITY,'.,V/V

FRINI 81
81 FORMAT (1X,.ILWCAL*LECAL CURRFNI CbNSITY DIVIDED 8Y TOE CONDUC TIVt

lJY*,///)
813 IREAD 811jRCUT
811 FORMAT (1-o.03
812 READ 813.SH
81 F FORMAT (FiC.g)

IF (FiRNtNCUT) b2P,9C
82C0 ERINT b3,RM

P3 FPRMAT (////,3XZ$RRz 5 7'
PRINT 84

84 FORMAT (4bX.WNHX(N)*RjC ,eXl2kv (X(N)sR/C) 2X,IOHSINH(X(N)5,7X,16tE
l1/Lfl*CSL8N*XCN) I

i-RP ld 15
8S FORMAT (6OX.o.,17X,1CIELENGTR/CI.2X.s71*'S1NXNICSBESSELA)

FRINT 86
e6 FORMAT (5X,*N,.9X ,X(N)* ,lX ,CSLBNS*.2Xo*XNRC*sLOX,5IESSEL2*,9E,5 : I

iSINMNSCs ,7X'szTERM tLfCC,5XsT ECALs s I
IULSCAL:O .O
CC PS N:3jK
XKkrZX(Ncr)*HR

F5SEL2:UNSSJ(XNRC,0)-
C S4 F K--Y ( N)
XNMC'X (N 'lA LENGTi-/C
bINhXNHCasttP(X~ctC)-tYXH:XNOC))/2fJ6 

ILECAL;ILLCAL*TEilL IC
FRINT 87,N,X(N)1C50J9N,XNRCiOESSEL2PSlNHXRCTIERMILeV,[LOCAL

43



E. MCCAFFERTY

87 FORMAT (3XKI4t~txE$!.5)
RS C@kTi~uE 

GO TE 812
C
C CALCILATI¶N OF TI-E PeT&NTTAL r!TRlhkTIEN
& ALEhG Tk-k METAL SLRFACE

93 PRINT 91
91 FOKIAT lt///,IHIf*CALCLLATEN viF 1I-& F9!NMTAL DIStRI3UTRb,.v/?

FRIK? 92
92 fORMAT (lX*XPrTNTL:E-(R,3):E-LFVTWEr FPth04TAL ALONG THE METiL SUit

lb ACE sZ/f)}
920 READ 921.RKR
921 FISRMAT (F10.-3 

lF CfiR,#.tCUT) 930tiCC
930 PRINT 94,RH

94 FORMAT C////a-JK,3iRR* F5,!3
FkINT 95

9f FeMAT l43X42N2 t IUt X ktC4SCEXtM?*i7g1 3HCSJBNHSiFL2,3
IX.14iRUNNNG SU, F.FI
PRINT 96

96 FORMAT I4*N.*Ds.17XI1CkELENGTh.C?,fX1.sCeSHXta 16X9HTERMFtTit 1
1tK,12H.CoeSUMPSTL: 
PRINT 97

97 FSI-IMT (5X~fv,9x*,.a~Xrft),11XX.(,SLR^*vIXeBESSEL259X*sC8SI4XhnCtS
IXTM TEX s8ttsd*frlENTL~a-//1

LO 99 N21(

bESStL2:8EbJ(XNRC ,Q)

XNbC'X CN?5SLkN6tTi/C
CNCes(hR|;XPl KNEE ?.&X(-xN~iC) 1/2. U
lT9ENPPTUSCSuWNSSSEL2sce&r~I-XFL
6URPETL#SLIMPT*TERM~ 1
i-PTEP.TI.:. (UJSu'FFTL)
FR[&T 98a-t-,X(NJ,CSbBN,8ES~tL2,UttXRBC, TtRMPSTitASUSP6JTL1PTeNfTL

GO TE 923
OcO

SBiROUTINES BESZERQ (JORD,_NO, ZERO), F-uNCTrtIOa IX, NI, AND MATALG (A, X, NR, ffV,
fDO, DET, NAT ARE GIVEN IN APPENDIX t.

44UA aovFg*sW FPWOI o1It" n -RAt 1-t


